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Abstract. We show that the polyhedron of three-index Lransportation problem is
the intersection of the positive orthant and three mutually orthogonal affine sets.
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1. INTRODUCTION

Recently it was shown in [1] that the polihedron of transportation problem
is the intersection of the positive orthant and two mutually orthogonal affine sets.
In this paper we show an analogon of this result for three-index transportation
problem, planar as well as axial. This can be of interest in applying algorithms
which use projections on this polihedron.

The polyhedron of the planar three-index transportation problem is the set ot
nonnegative solutions of the following system:

szl'jk = dy, i:l,?,...,a

a @
ZZI.},{;=C§, k-_-l,'z,...,“f.

Denote by a = (a;), b = (b;), ¢ = (&), z = (zijx). We can rewrite the system

as
Az = a (1)
Bz =b (2)

(e = (3)



246 D. Dugodija

where A, B, C are appropriate matrices. Assume that the system has a solution.
We say that affine sets given by (1) and (2) are orthogonal, iff linear spaces {z |
Az = 0} and {z | Bz = 0} can be represented respectively in the form V &V, and
V & Vs, for some linear spaces V, V), Va, such that V; and V; are nontrivial and
v?v-;, = 0, for every v; € V| and vy € V5.

2. MAIN RESULTS

Our main result can be stated as follows.

THEOREM 1. Affine sets given by (1), (2) and (3) are mutually orthogonal

ProoF. We show first that affine sets given by (1) and (2) are orthogonal. Or-
thogonality of other pairs follows by simmetry. Let P, @ be projection matrices
respectively onto affine sets (1) and (2). The orthogonality of these sets will be

shown If we prove that P-Q = Q- P. Denote by My, the { X km matnx
consisting of 1 x m blocks of the type

ET l

: T |

having [ rows with k units in each of them (nonwritten elements are zero). Remark
that A = Mgy a1, B = M, 3. The projection matrix onto {z | Mz = 0}, where

M=Mrim1s
I- MY (MMT) M

(I 18 the appropriate umit matrix). Let [; be the unit matrix of the format k& x k
and £ a matrix of the same size with unit clements. Than MMT = km I;, and

MUAMMTYy™IM = J-.-_N,

I

l
where N consists of m x rn blocks of the type diag(Ey,..., Ex). If we denote

by X = diag(Epy,... ,Esy) and by Y the matrix of a x a blocks of the type

B
diag(&., ..., E,), we find that -

1
P=lopy - X and
1

Using rules for multiplication of blocks matrices we find

X- Y=Y X=vE.,.
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Thus P-Q = Q - P and the proof is completed.

We state now the similar result for axial three-index transportation problem.

Recall that in this case the polyhedron is the set of nonnegative solutions of the
system

Zrijk:ajk* J=14....6;, k=1,... v (4)
g
Z-":ijk=bik, i=1,...,a; k=1,...,7 (5)
) -
5
Y mp=dy,  d=l... m §=1...,0 (6)
k=

Assume that this system 1s possible.
THEOREM 2. The affine sels given by (4), (5) and (6) are mutually orthogonal.

Since the proof uses the same method as in Theorem 1, we omit 1t.

3. CONCLUSION

Accoding to theorems 1 and 2, we can find projection of a vector onto affine sets
given by (1)-(3) (or (4)—(6)) as composition of projections onto separate affine sets
(1), (2), (3) (or (4), (5), (6)) in arbitrary order. An algorithm for transportation
problem which uses this nice property is under Investigation.
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